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*Conditional Independence and Factorization

*The Elimination Algorithm



Review of Probabilities

v - probability space or sample space (e.g. set of all possible 256 x 256
monochromatic binary images)

X - arandom field, i.e. a set of random variables X = {X,X,,...,. X}
(e.g. the set of 256 x 256 pixels in the image)

X - a particular instantiation (realization) of X: x = {X;,X,,...,.X\} (e.9.
a particular image)

X, - the Instantiation restricted to the variables in A

p(x) - probability of the realization x



Review of Probabilities

We will denote p(X =x) by p(x)

0< p(x) <1 }
for any x
> px)=1

XEy

p(xA) = Zp(x) Sum-Marginal probability of subset A
X4

p(XA) = MaxX p(x) Max-marginal probability of subset A

X_y4



Review of Probabilities

Conditional probabilities:

41 B) = P4B)
p(4|B) (B)

p(AB) = p(A|B)p(B)




Review of Probabilities

Independence:
p(4B) = P(4)P(B)
Conditional Independence:
p(4B|C)=P(4|C)P(B|C)
p(4|BC)=P(4[C)

or



Graphical Models

Graphical Model:

Is a graphical representation of the family of
probability distributions that satisfy a set of
conditional independency assumptions

Conditional independency in a graph is read from the
concept of graph separation



Graphical Models




Types of Graphical Models

Directed Graphical Models:




Types of Graphical Models

Undirected Graphical Models:
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In Vision, we are mostly interested in UNDIRECTED Graphical models, or
MARKOV RANDOM FIELDS
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How can we represent the joint probability p(x) of a MRF?

Assume we have T variables: X = {X;,...,X;} and each of them can assume
S discrete states.

Then, p(x) is a table with T dimensions, with S bins per dimension

We cannot store such a table, we cannot compute in such a table, because
there are ST entries
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Example:

Do we need a table
with 26 entries?
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No. The HC-Theorem will come to our aid:

p() =T %)

ceC

¢ - maximal cligues
C - set of all maximal cliques
x, - restriction of x to ¢

Z - such that p(x) integrates to 1
P - arbitrary non-negative function

C
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Cliques:
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Maximal Cliques

Maximal Cliques:

7
S~ =S Vsl __--
]
(O
\ /
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1 /// 0
p(x) = 7 i, (X, )?234 (x5 x54) Wig (0,05 ) Wg (ox5)

~
——————

/ X\ 3D table
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pexity

Complexity of representing p(x):
K
O(TS*)

S — number of states for each variable

K — size of the maximal clique

T — number of maximal cligues
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What are the “potential functions” ? W

p(xx,x3) = pxy | x,%5) p(x,%5)

p(xx,x;) = plxg [ x,) p(x; | x3) p(x;)

p(xx,x3) = Pxxy) plays) p(x3) Where
p(x,)  p(x;)
Yy, (x,x,) = PLxx,)
p(x XX ) — p(xlxz)p(x2x3) p(xz)
o p(x,)
plxx,x;) =", (X, ) WP (x,x5) Y3 (x,x3) = px,x;5)
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Now we have smaller tables. How to take advantage of the
Markov structure of the graph to perform inference?

Elimination algorithm
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Computing a max-marginal:

p(x,) = m}aXp(x) = m}aXp(x4 | ;4)17(554)

4 4

pxg) = max p(x, [ x,x,03) p(Xs | Xpx505) - p(x7 [ X2,003) p(x,x,%3)

p(x,) =max p(x, | x,x,x,) max p(x; | x,x,%;)

X, X,Xy X

man pxy | x,x,%5) p(x,x,x5)

\C /

* my (x,x,X;)

O(TS?®) for a single X,
p(x,) =max p(x, | xx,x;)ms(x,x,x;)

X XoXg 0(TS4) for all X4
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