
KERNELS, GEOMETRY ANDCLASSIFICATIONDo
tor SVN VishwanathanApril 29, 20081 Introdu
tionLast time, we dis
ussed exponential families, probability estimation, and howstarting from a probability estimation 
an lead to a 
lassi�
ation algorithm.Now, we go the other way: how geometry 
an lead to building 
lassi�es. Andthen, we learn that they are the one and the same�the same 
lassi�er 
an be
reated by these two methods.In our general philosophy, we 
onsider what we want to a
tually do withma
hine learning. We have some data, where x refers to data points and y tolabels:
{(x1, y1)...(xm, ym)} (1)Given new x values, we look for an algorithm to return a y. Supposing:

x ∈ χ and y ∈ ϕ, we sear
h for an f :
f : χ ⇒ ϕ (2)Deliberately, no assumptions have been made just yet regarding x and y.Sin
e f(x) will predi
t label y, f needs to be de�ned.
f(xi) = yiEnsure that the fun
tion a
tually respe
ts that, though don't enfor
e itstri
tly.We look at the dominant bran
h of problems, and an easy 
lass of problems;other ma
hine learning bran
hes deal with unsupervised learning.
P : χ ⇒ ϕ

f(xi) = yiIn this 
ase: use domain ϕ ∈ {+1,−1}. How do we learn the right fun
tionto distinguish labels -1 and +1 for di�erent data? Deliberately, we start here1



making no assumptions on x (�x is Eu
lidean�, et
). So, how am I to �nd thefun
tion whi
h respe
ts the existing data points and goes to other data points?We do, though, make the reasonable assumption that there is some similaritywithin the data points and labels, ie.
x ∼ xj ⇒ f(xi) ∼ f(xj)This assumption rests upon the key point: how will you de�ne similarities?The answer is very domain-dependent. Given any (x, x′), there exists a fun
tion

k that takes (x, x′) and returns a number.
k : (x ∗ x) ⇒ RWe assume the property that k is large if xiand xjare similar, and lowotherwise.Presently, we have a bla
k box and two datapoints, and expe
t it to return anumber. Why is this level of abstra
tion important? Why not just use ve
tors?Be
ause there are many instan
es where representing input data as ve
tors isnot a good idea.Example: whether an email is spam, or �ham��a normal email. Emails aresequen
es of 
hara
ters. What fun
tion 
an take two emails and say whetherthey are similar?
k : (x ∗ x) ⇒ R (3)This is the philosophy of kernels. We don't 
are about data type, justsimilarity.So what kind of fun
tion 
ould have that kind of property? We 
ould de�nemany�and many may not have ni
e mathemati
al properties. Fun
tion spa
eanalysis is a wide area. Impose a simple requirement: look at fun
tions, de�nedas follows:

φ : X ⇒ R
nDe�ne the fun
tion to be:

k : (x ∗ x) =< φ(x), φ(x′) >Simple example:
k(x, x′) =< x, x >

k(x, x′) =

n
∑

i=1

xi · x′
iWhat do we know about the dot produ
t? There is a lot of geometry in adot produ
t. It is the sum of the angle between two ve
tors. The length of xwillbe x ·x ∗√x. The dot produ
t 
an also represent distan
es. The third propertyof the dot produ
t: Suppose that you want to look at‖ x − x

′ ‖. This is:2



√

< x − x′, x − x′ >

k(x, x′) =< φ(x), φ(x′) > (4)Any algorithm using these notions 
an work with a generalized version ofthe dot produ
t.A question, keeping matters general: how 
an we spe
ify φ? One way wouldbe to 
ome up with an expli
it fun
tion. A popular way to represent a do
umentis to represent all words in that bun
h of do
uments, and have a di
tionary ofwords; sorting the words in the di
tionary, ea
h word 
ould get assigned anumber. The words in the do
ument may be represented as long ve
tors.
The do
ument 
onsists of words; for ea
h word in the do
ument, in
rementa frequen
y s
ore. The bag-of-words model has a do
ument represented by along ve
tor.For another map: take a string, a horizontal ve
tor.Look at all possible substrings within the string, and 
reate a map. Findout how many times did these substrings o

ur? (Of 
ourse, a near-in�nite setof all possible substrings is di�
ult to represent.)The key is that you do not need φ. The kernel algorithm will never ask forthe φ element, just the dot produ
t, < φ(x), φ(x′) > (4).Suppose the data is in a Eu
lidean spa
e. Why, then, do a mapping in φ?If the data is already Eu
lidean, why think of a φ?For example: a binary 
lass where we seek to do a 
lassi�
ation.
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Figure 1: 
lassifying dots and 
rosses

We want an ellipsoid de
ision boundary. We 
an possibly look at the pointsas ve
tors, and get an image more like the below, with a linear de
ision boundary.Figure 2: linear de
ision boundary

In general, intuition tells us: if the boundary is a k-order polynomial, evenan ugly one like this:
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Figure 3: ugly k-order 
lassi�
ation polynomial

We 
an transform it into a plane.The ugly polynomial shows that, instead of learning, we have only mappedthe data into a high-dimensional spa
e (see �gure 3). This is also part of thekernel idea: we do not want 
ompli
ated fun
tions when simple fun
tions 
anwork.Can we design a simple 
lassi�er for 'dots' (-1) and '
rosses (+1), in thisarrangement? Figure 4: 
lassi�
ation problem

Nearest neighbour : given a point, we use its nearest neighbours. The problemis that nearest neighbour is a lazy algorithm. What if we instead 
lassi�ed based5



on the nearest mean?Figure 5: nearest mean 
lassi�
ation

Given a de
ision point:
if ‖ x − c+ ‖≤ − ‖ x − c− ‖⇒ x′ · y = 1

else x′ · y = −1One geometri
 property of ve
tors: given two ve
tors, how do you 
hara
-terise the region of all points 
loser to the dot or 
loser to the 
ross? There isan easy way to �nd this. It is a simple geometri
 expression.Figure 6: ve
tor expression

The angle of the ve
tor determines the result. We 
ould take the sine fun
tionof the angle and form a 
 point: a geometri
 
lassi�
ation.6



w = C+ − C−This is the other ve
tor of interest.
C =

C+ + C−

2We normalize:
< x − C, w >≥ 0

f(x) = sign of < x − C, w >

f(x) = sgn(< x − C+ + C−

2
, C+ − C− >)Now, we perform a little manipulation:

f(x) = sgn(< x, C+ > − < x, C− > + <
C+ + C−

2
, C+ + C− >)

f(x) = sgn(< x, C+ > − < x, C− > +b)

b =
1

2
‖ C− ‖2 − ‖ C+ ‖2The de
ision boundary 
an be represented by dot produ
ts. How do we getto them? By using the linearity of the produ
t.

< x, C+ >=
1

m+

i
∑

yi=1

< x, xi >How 
an you write the de
ision fun
tion?
f(x) = sgn (

1

m+

∑

i+

< xi, x > − 1

m−

∑

i−

< xi, x > +b) (5)It is a bla
k box as long as the �rst summation returns an equation. We
an assume that x is the mapped version of x, as long as the kernel fun
tionsatis�es the se
ond summation. We 
an write it as a kernel fun
tion:
f(x) = sgn(

1

m+

∑

i+

k(i+, x) − 1

m−

∑

k(xi−, x) + b) (6)7



That is the kernel-generation fun
tion.
f(x) = sgn (

∑

i

αiyik(xi, x) + b) (7)(The sgn is a hyperplane: it goes well with the intuition that there exists asingle de
ision boundary. See 6.)We have used geometry to form an algorithm to 
lassify points. What isvery ni
e about this algorithm? That it is simple. We also have a prede�nedrule.Summing over i for a lot of data points 
an be bad. And if we had an outlierpoint, that 
ould throw o� the mean; MLEs are bad be
ause of outliers.Figure 7: outlier example

Doing summations over all points 
an be very expensive.De
ision fun
tions of this form are easy.
f(x) = sgn(< w, x > +b)Now, assume there is a plane where all the 
ir
le and 
ross points are 
learlyseparated on a linear plane (2). Of 
ourse, there are in�nitely many hyperplanesyou 
an use for the labelling. Whi
h should you 
hoose?
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Figure 8: many hyperplanes

One possible way to resolve the ambiguity is to 
hoose a plane that maximallyseparates the data 
lusters. We use geometry to �nd the minimum di�eren
elooking at the orthogonal proje
tion of the data points onto the plane:
< w, x > +b = 0We would say: �I want to maximise the separation between data points�themargin should be the 
losest point to the plan, su
h that�:

max
w,b

min{‖ x − xi ‖:< w, x > +b = 0 (i=1..m)} (8)Maximise/minimise with regard to w and b. This is the problem that SVMs(support ve
tor ma
hines) 
an solve.What will 
hange the plane in 8 and 8? Whi
h data points will not have ane�e
t on the plane? The ones that are not 
lose to the de
ision boundary.In the 
lassi�er model, one single point in the dataset 
an 
hange the de
isionboundary. Now, in the max-min problem, some points 
an be removed.How do we �nd the plane? One 
an say, �Let me �nd a pla
e equidistant fromthe two 
losest points from ea
h 
luster, maximising the margin of sparation.�.
9



Figure 9: the margin of separation

There must therefore also be two other planes, running parallel to ea
h otherand equidistant from the �rst plane.Figure 10: two more equidistant planes

< w, xi > +b >≥ 0We 
an say< w, x > +b = a is o�set plane 2, and < w, x > +b = −a iso�set plane 1. The a and b parameters 
an be anything, and are usually set to10



1. The reason is that the s
aling will be absorbed. By absoribing the value in
w, the solution 
an be brought ba
k to form. (There is no spe
ial reason why 1is 
hosen here.)How do you �nd the margin of separation between the o�set planes? If x isa point on the positive plane:

< w, x1 > +b = +1Otherwise:
< w, x1 > +b = −1If there are no datapoints lying on the positive plane, one 
ould shu�e ifmore.
w < x1, x2 >= 2

<
w

‖ w ‖ , x1 − x2 >=
2

‖ w ‖If you want to maximize the margin:
max <

w

‖ w ‖ , x1 − x2 >Use an ugly form, so that you 
an minimize.
min

1

2
‖ w ‖2Maximize the margin of separation and ensure all labelled data points areon the right side (ie. red 
rosses are positive, blue dots negative. See 9).2 Putting things togetherThere is an optimisation problem to solve.

min
1

2
‖ w ‖2It is subje
t to the 
onstraints:

yi(< xi, w > +b) ≥ 1What 
an we do with the optimisation problem?How do we know whan an optimisation is 
onvex? An optimisation problemis always 
onvex.
J(a, b) = min

a,b

1

2
‖ w ‖2 subject to yi(< xi, w > +b) ≥ 111



(Note: α is always positive.)
L(w, b, α) =

1

2
‖ w ‖2 −

∑

αi(yi(< xi, w > +b) − 1) (9)For every 
onstraint, introdu
e an extra value αi, and you 
an solve your
onstraints; it is a standard tri
k. (9 is a Lagrangian fun
tion). You 
an showthat solving a 
onvex minimization problem is equal to �nding a subset of La-grangian.
min
w,b

max
α

L(w, b, α) =
1

2
‖ w ‖2 −

∑

αi(yi(< xi, w > +b)− 1)

min
w,b

1

2
‖ w ‖2

subject to yi(< xi, w > +b) ≥ 1We previously dis
ussed minimizing a 
onvex fun
tion: taking gradients withregard to w and b of the Lagrangian fun
tion, and setting to zero.
δwL = 0

δwL = 0If the problem is feasible, where at least one w satis�es 
onstraints, then itdoes not go to in�nity.Assume it is �nite. Suppose that there are some w who �t the Lagrange
onstraints.
yi(< xi, w > +b) < 1If this 
onstraint is violated, then:
yi < xi, w > +b − 1If this is less than 0, α 
an be pumped up.

∑

αi(yi(< xi, w > +b − 1))As the α sum de
reases, the Lagrangian goes up. It 
annot happen thatthe 
onstraint (yi(< xi, w > +b − 1)) is violated, or that α ≤ 0. Either the
onstraint yi(< xi, w > +b) ≤ 1 is met, or α is 0�and you 
an use either.Now, how do we set the Lagrangian?Set:
δbL = 012



∑

αiyi = 0Or set:
δwL = 0

w =
∑

αiyixiThe �rst thing to noti
e: w =
∑

αiyixi. We 
an do a linear 
ombination ofthis: we 
an take three numbers and multiply them to get the solution.
f(x) = sgn (< w, x > +b)Therefore:

f(x) = sgn (
∑

αiyi < xi, x > +b)The key di�eren
e is the 
onditions.
αi(yi(< x, w > +b) − 1) = 0, ∀iOnly related points 
ontribute to the planes: only they have the 
onditionabove. Figure 11: only some points 
ontribute to the planes
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Sin
e only a few points are used, outlying points will not 
ause problems asthey do when the mean is used, but outliers 
ould still be a problem. (See �g.12.)But how do you a
tually solve the optimisation problem? Take:
δwL = 0, w =

∑

αiyixi

δbL = 0,
∑

αiyi = 0Plug these ba
k into the Lagrange fun
tion (whi
h you should work throughyourself at least one), and the result is:
n

∑

i=1

αi −
1

2

n
∑

i,j=1

αiαjyiyj < xi, yi >

subject to

m
∑

i=1

αiyi = 0 and αi ≥ 0(If you took x and mapped it to an in�nite-dimensional ve
tor spa
e, theoptimization problem would be in�nite.)The fundamental theory is that transforming into dual gives an optimizationproblem with one result for every datapoint. Also, this:
w =

m
∑

i=1

αiyixi; δwL = 0means that you 
an use an m-dimensional spa
e. The solution will alwayslie in the span of the data points; the a
tion only happens in a m-dimensionalsubspa
e. This is important to note.The representer theorem optimizes in any m-dimesional spa
e as long as youhave the above equations.3 When data is not linearly seperableWe have assumed the data is linearly seperable. Now we assume that it isnot�and why geometry had probabilisti
 impli
ations that relate to the previ-ous le
ture. In the past, people used probabilisti
 models and support ve
torma
hines without realizing that they were the same thing.
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Figure 12: outlier problem

Here we have a single outlier that would make the margin of separation verysmall. That is not desirable. To handle the problem:
min
w,b

1

2
‖ w ‖2

subject to yi(< xi, w > +b) ≥ 1 − ǫiWe 
ut sla
k: error margin ǫi. To prevent ourselves from going to in�nity,we penalize:
min
w,b

1

2
‖ w ‖2 +C

∑

ǫi

subject to yi(< xi., w > +b) ≥ 1 − ǫiThis balan
es between points for a good division. We 
ap the outliers'in�uen
e: no single point 
an have too mu
h of a high in�uen
e.This is a standard quadrati
 problem:
n

∑

i=1

αi =
1

2

n
∑

i,j=1

αiαjyiyj < xi, yi >

subject to

m
∑

i=1

αiyi = 0 and αi ≥ 015



3.1 Quadrati
 Programming (QP)Given the above 
ondition, and using 
olumn ve
tors of x:
αT ∗ χT α − αT eSubje
t to:

C ≥ αi ≥ 0

αT y = 0The typi
al QP solver from Matlab/Python/S
ipy 
an only handle problemswith a few hundreds or thousands of variables. But we want mu
h more. If thedataset has a million points, Q(p) ha a million variables. One popular way ofsolving Q(p) is SMO, small sequential minimization by optimization.SMO pi
ks two variables at one point in time, restri
ts the optimizationproblem to those two, and solves them to optimality. A SMO needs two variablesfor the αT y = 0 
onstraint.First, 
hoose two αis to optimize.
α + (Ciei + Cjej)(Two 
onstraints, updating α.)

Ci and ei must be equal. The two 
oe�
ients are optimised. The LibSVMand Simple SVM methods are used.
αT xT xα − αT e

subject to αiy = 0 and C ≥ ei ≥ 0The simple SVM sele
ts a subset of the αs at any given point in time, solvesit without 
onstraints, �nds the dire
tion of dse
ent, and takes a step insofar asit doesn't a�e
t one of the 
onstraints.When working with 
onditional models: P (y|x, θ).Given an x, for example, an identi�a
tion of handwritten digits. Whatis a good θ requriement? Find a θ su
h that given xi, yi, θ, the probabilityassigned to yi is higher. The design parameter is a legal thing to ask: the true
lassi�
ation and a high probability rate.
P (yi, xθ)

P (y|xi, θ)
≥ 1, ∀y

log P (yi, xθ)

maxy 6=yi
P (y|xi, θ)

≥ 016



The 
onditional aspe
ts are still satis�ed when two probabilities have a tie,for example, weighting same for 0 and 8. That is not desirable; you might wantto push the se
ond highest 
lass label down. To do that, in
rease 0.
log P (yi, xθ)

maxy 6=yi
P (y|xi, θ)

≥ 1

log
exp(< φ(xi, yi), θ > −g(θ|xi))

maxy 6=yi
exp(< φ(xi, yi), θ > −g(θ|xi))

< θ(xi, yi), φ >= max
y 6=yi

< φ(xi, yi), θ >≥ 1 (10)You will use a prior, for example in the Gaussian.
min

θ

1

2
‖ θ ‖2

subject to < φ(x, y), θ > −max
y 6=yi

< φ(x, y), θ >≥ 1If you solve this:
y = {±1}

φ(x, y) =
y

2
φ(x)If we assume this:

yi

2
< φ(xi), θ > −(−yi

2
) < φ(xi), θ >) ≥ 1(noting that y is -1 or +1)Then:

yi < φ(xi), θ >≥ 1This is the same SVM problem: from a probabilisti
 interpretation!It is a ni
e interpretation. We 
an have the notion of distan
es between
lasses; we 
an repla
e equation 10 with:
< φ(xi, yi), θ > − < φ(xiyi), θ >≥ ∆(yi, y)∀y(The �rst part of that equation will relate to Tiberio's graphi
al models
lass.)We seek a linear separator: we look for a hyperplane. As long as there isdata within an ǫ dual of hyperspa
e, we will penalise.

if f(x) − y ≤ ǫ17



For multi
lasses, we 
an use:
< φ(xi, yi), θ > − < φ(xi, yi), θ >≥ ∆(yi, y)∀ySee also, slides on my (Professor Vishwanathan's) homepage at http://users.rsise.anu.edu.au/~vishy/ .Multi-
lass 
onstraints 
ould be:

yif(xi) ≥ 1

f(xiyi) ≥ f(xi, y) +

∫

∀(y + yi)For further geometry study, you 
an read Smola and S
hölkopf's Learningwith Kernels, 
hapter 1.
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