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Machine Learning

* You have a data set D = {(x;,y;)}
— Data may be partially specified

 You wantto learny = f(x) from D

— More precisely, you want to minimize
some error E(X,y,f,w,D)

= — :
f/\ ——————_Function parameters
\ Input/Output Spac§7 Function class ]

« Majority of problems are either
— Classification: y is discrete
— Regression: vy is continuous




Inductive Bias

Avoid making assumptions about f
— Assume for simplicity that D = {(x;,y;)} IS noise free
— X;'s in D only cover small subset of input space x

What's the best we can do?
— If we've seen x=x; report y=y,
— If we have not seen x=x;, can’t say anything (no assumptions)

This is called rote learning... boring, eh?
— Key idea: you can't generalize to unseen data w/o assumptions!

Thus, key to ML is generalization
— Any ML algorithm must have some inductive bias
— Bias usually in the form of a restricted hypothesis space
— Important to understand restrictions (and whether appropriate)



Parametric vs. Non-parametric

« Parametric: has parameters

e What assumptions?\
— Most Probabilistic Approaches

« Gaussians Da_ta 1S g_ene_rat_ed by
e Bernoulli / Binomial / Multinomial given distribution.
* Graphical Models 3 Linearly separable,
— Linear Regression / Classifiers regressable data, etc.
— SVM with linear kernel \ /
« Non/semi-parametric: What assumptions?\

data oriented

— Neighbor-based approaches

* (K-)nearest Neighbor
« Parzen Windows Smoothness... no

— SVM with RBF kernel \ abrupt changes! /

Encoded in distance
function & K / width.




Linear vs. Non-linear

* y =f(x,w)
— X IS your input vector
— W IS your parameter vector (weights)

e Which fis linear in w?

_ Any transformation
Le., f(X,w) = (W,X> (assume X, = 1)| of input x maintains
linear function in w!

—1;(X) =Wy Xy + W, X,
—5(X) = Wy X% + W5 Xy X5 + W3 X5?

—f3(X) = Wy X3 + WoW3 X, + W52 X3 K



Your Linear Fun. Approx. Toolbox

e Classification
— Naive Bayes (simple)
— Logistic Regression (better than NB for dependent features)
— Perceptron (didactic, rarely used in practice)
— SVM and Kernel Methods (very powerful)

 Regression
— Linear Regression (closed-form solution)
— SVR and Kernel Methods (very powerful)

« Key Advantage

— All of above lead to convex optimization problems
=>» global optima will be found.



How Powerful are Linear Models?

 Short answer:
—y ={w,X) is surprisingly powerful

— Especially if x transformed: x = ®(x)

°pe S
y =W, O(x)) input feature
space  space

 Can use expressive feature spaces ®d(x)
— Use cross-validation (CV) to prune features
— If data << features / w, may overfit even with CV



This i1s Worth Investigating...

e« Seems counterintuitive...
— Fit crazy non-linear functions & find global optimum?

- WIF? {Why’s that fine? |

 Think about abstracted problem...

- E(w)=E(x,y,f,w,D) (b/c x,y,f,D fixed, given problem)
— We change the weights w, we get different E(w).
— Which setting of weights optimizes E(w)?

 Question: how does E(w) look w.r.t. weights?
— Linear regression: linear f & SSE, E(w) looks quadratic
— All 2nd derivatives > 0

— Sufficient to show Hessian (2" derivative matrix) is
positive semidefinite =» convex...



For convex problems,
. (sub)gradient descent
Convexity [ e
minima. Q.E.D.
o Graphically... which of these Is convex?

e —
Quadratic
plus linear
constraints




Empirical Risk Minimization
A general framework for function approximation
Minimize E’(w) = Loss(w) + Regularizer(w)

Loss functions penalize errors in different ways, e.qg.,
— Sum of squared error (SSE), a.k.a. LMS ﬁinear Regression ]
— Hinge loss {Why useful? |
— g-insensitive IOSSﬁWhy useful? |

Regularizer expresses preference on w, e.g.,

— ||w||,: assumes Gaussian prior

— ||w||,: can encourage sparsity

— W - log w: maximizes entropy for prob. interpretation of w

Many E’(w) possibilities are convex for linear f!



The Joy of Convex(ity)

All of these losses are convex for linear f:

Table 1: Scalar loss functions and their derivatives, depending on f := (w,

z), and y.

Loss ([, y)

Derivative ['(f,y)

Hinge [20]

max(() -y f)

0if yf > 0 and —y otherwise

Squared Hinge [26]

3 max(0, —y f)”

0if yf >0 and f otherwise

Soft Margin [4]

max((l 1 —yf)

0if yf > 1 and —y otherwise

Squared Soft Margin [10]

= max(0,1 — yf)*

0if yf > 1 and f — y otherwise

Exponential [14]

exp(—yf)

—yexp(—yf)

Logistic [13]

log(1 +exp(—yf))

—y/(1 +exp(yf))

Novelty [32]

max(0,1 — f)

0if f > 0 and —1 otherwise

Least mean squares [43] | 7(f —y)” «—linear regression| f — ¥

Least absolute deviation | |f — y| sgn(f —y)

Quantile regression [27] max(7(f —y), (1 —7)(y — f)) T if f >y and 7 — 1 otherwise
e-insensitive [41] max (0, |f yl —e) 0if |f —y| < e and sgn(f — y) otherwise
Huber’s robust loss [31] S(f—y if|f—yl<lyelse|f—yl—z | f—yil|f—y| <1, else sgn(f —y)
Poisson regression [16] exp(f) —uyf exp(f) — vy

Table 2: Vectorial loss functions and their derivatives, depending on the vector f:= W2z and on y.

Loss Derivative
Soft Margin [38] max, fu fu + Ay, y")) e+ — €y, where y” is the argmax of the loss
Scaled Soft Margin [40] | max, A" (y,y")(fyr — fu + Ay, v") | A%(y,y")(ey= — ey), where y* is the argmax of the loss
Softmax [14] log Zy/ exp(fyr) = fu Zy/ ey exp(fy) /Zy/ exp(fy) — ey
Multivariate Regression %( f—y) M(f—y) where M =0 M(f—vy)




Your Convex Optimization Toolbox

e |f lucky, convex problem can be solved...
— In closed-form (linear regression
— or via gradient descent (logistic regression)

 But convex functions may be piecewise
— Often due to linear constraints

e Then may need to use one of
— Linear program (LP) optimization:
e Minimize w-d s.t. Cw<0 (C is a linear constraint matrix)
— Quadratic (objective) program (QP) optimization
— Semidefinite (constraints) program (SDP) optimization

« Don’t fear! Good off-the-shelf optimizers
— SVMs require solving QP, but very robust & scalable



Artificial Neural Networks

Neural Net:
non-linear weighted
combination of shared
sub-functions

Backpropagation: to
minimize SSE, train
weights using gradient
descent and chain rule

Backprop. ideas useful
beyond ANNS!




Probabillity / Density Estimation

| o ST
« Maximum Likelihood (ML) £ erivations

or Gaussian,
Binomial, etc.
"

f* = arg max P(D|6)
_ 0
 Bayesian Eonjugate Priors |

P(4|D™) oc P("|6)P(6|D" ")

« Maximum a Posteriori (MAP)
0 = arg max P(9|D)

0
X arg max P(D|6)P(6)
0




Nailve Bayes (Classifier)

 Make naive independence assumption
— X; conditionally independent of x; (i # ]) given y;
— For simplicity, assume all variables are binary

X |y | Prob.
T|T|0,7
FI|T |10,
T|F |0,
FIF |10,




Max Likelihood for Naive Bayes

L(6)
. —
0" = argmax P(D|0)
Z

:argmgx _P(ydaxclla"wxg,‘ )

= argmax | [ P(«f,...,22]y",0)P(y*|0)
deD

7 deD =1
I Td] Fd] y=v,z;=Td] N\y—v 2. —r[d]
_argmaXH Qy b= H H Hy v,1 (1_9yzv,%)y T
9 aep 1=1ve{F,T}

Y=1,1

n
= arg m@X Q#Dy=T(1 _ Qy)#DyzF H H Q#Dy v,x;= (1 o Qyzv,i)#Dy:U’miZF
o 1=1ve{F,T}

— argmax #Dy_1 log 0, + #D,_p log(1 — 0,)+
0

Z Z [#Dy:v,xi:T log ey:v,z' + #Dy:v,mi:F 1Og(]— - ey:v,i)]

i=1 ve{F,T}

7

15)



Max Likelihood for NB (Cont.)

« Unique maxima for log-linear models at slope =0

—

OUf) _ #Dyr  #Dy-r

09, 0, 1-6,) 0
0,  #Dy—r
(1-0y) #Dyr
0, = #Dy=1
V" YD,y +#Dy_p
OUO) _ #Dy—vwi=r L #Dy=vai=r _
00,—, ; Oy—v,i (1= 0y=v,:)
Qy:v,z’ o #DyZU,%:T
(1 — Qyzv,i) B #Dy:v,xi:F

0. . — #Dy:v,xz—:T
o #Dy:v,xi:T + #Dy:v,xi:F

ML parameters are just the empirical probabillities!

Also see discussion of NB vs. Logistic Regression (w\ LogRegr derivation).



http://www.cs.cmu.edu/~tom/mlbook/NBayesLogReg.pdf

Bayesian Decision Theory

 Robot has belief P(x|D) over position
— D consists of noisy range finder readings

P(x|D)

MAP=x* X

 Associate Risk(x) w\ position x (e.g., stairs!)

Risk(x)

Floor — no risk Stairwell — high risk
X

0

— MAP Risk = Risk(x") = 0
— Full Bayesian Risk = |, Risk(x)p(x|D) > 0

 Which risk estimate would you use?



D=

Unsupervised Learning

{(x;,y))}, Yy unknown (latent/nidden variable)

Fill in labellings of latent variable

K-Means, Expectation Maximization (EM)
Have to make assumptions on what variable filling in

Extract latent variables — find feature structure in data

PCA, ICA
Different approaches prefer different features

Applications

Filling in partially labelled or hidden variables
 E.g., 2d & 3d modeling

Noise Filtering

Compression with miniimal loss

Project a high dimensional space to lower dimensions (PCA)
Source separation (ICA)

Collaborative filtering (semi-supervised)



(Cross) Validation

e Validation:
— Never calculate test error on training data
All Data
Test Data Train Data

e Cross Validation:

— Reduce variance of test error estimate

— 3-fold cross validation example

Test Data Train Data Train Data
Train Data Test Data Train Data
Train Data Train Data Test Data

avg,
> test
error




Model and Feature Selection

Data set D = {(X;,Y;)}
Learn y = f(x) by minimizing E(x,y,f,w,D)

Model Selection:

— Which f to use
e Linear / Non-linear
« Parametric / Non- / Semi-parametric
o Parameters within each model

Feature Selection

— Which x to use
« Original / Transformed (e.g., polynomials,

How to choose between different models or feature sets
— Can choose model / feature set with lowest CV error



Introductory Books to Consider

Pattern
Classification
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